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Spacecraft Momentum Unloading:
The Cell Mapping Approach

H. Flashner*
University of Southern California, Los Angeles, California
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An approach for developing spacecraft angular momentum unloading control algorithms based on the cell
‘mapping formulation is presented. Representations of periodic dynamic systems in terms of point mappings are
discussed and their discretizations to form cell mappings derived. An optimal control techrique exploiting the
cell approach is presented and applied to the problem of momentum unloading. A number of unloading schemes
by means of magnetic torquers are derived using this cell state space optimal control approach. The unloading
schemes entail off-line control sequence generation, enabling the attitude control system to achieve unloading
by a table lookup of magnetic torquer settings once per orbit. Simulation study results for two model spacecraft
in low Earth orbit indicate closely bounded momentum performance from the control laws developed by the

proposed approach.

Nomenclature
Ay A, = constant coefficients in disturbance model
equations
B = magnetic field
bi(t) = magnetic field component, i = 1,2,3
C = cell mapping; number of control levels
SC., ) = vector function
Gin = short for [+ /9T .\ B(r) dr
g = point mapping
H = angular momentum
H; = component of angular momentum
Hiox = control moment gyro maximum angular

momentum value
= control moment gyro angular momenta
= cell length in /th dimension

hcx ’hcy ,hcz

i
Ix ’Iy yIZ

= principal moments of inertia
J = cost function
K, ,K,y,,K,, = proportion feedback gains, attitude control law

K. K, K., = rate feedback gains, attitude control law

M = magnetic moment

Mo = maximum magnetic moment value

N = number of cells in cell state space

P = number of possible control sequences

q = dimension of state space

Sy,S; = constant coefficients in disturbance model
equations

T = torque

T = orbital period; number of table entries in
control/state-space table

Tanx = disturbance torque, body frame, x component

Taby = disturbance torque, body frame, ¥y component

Top, = disturbance torque, body frame, z component

T, T,y T, = attitude control torque, dynamics equations
Ty, T4y, Ty, = disturbance torque, dynamics equations
t

= time
u = control vector
Vv = discrete control vector
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W, W, = cost function weighting matrices
w = momentum threshold to apply alternate
unloading sequence set
= g-dimensional state
= cell state variable
= attitude pitch angle
= time
= attitude roll angle
= attitude yaw angle
0 = spacecraft angular rate
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I. Imtroduction

HE problem of momentum management has always been

a significant issue in control system design for spacecraft.
Large size and longer lifetime requirements of modern space-
craft have caused this issue to become one of the most critical
requirements of future space missions. Typical modern space-
craft momentum management requirements as formulated for
the space station are given by Woo et al.!

Most momentum management schemes employ the interac-
tion of the spacecraft with the environment to generate the
needed unloading torques. Gravity gradient torques were used
by Shain and Spector? to develop a torque equilibrium attitude
control scheme that also incorporates momentum unloading.
This approach was developed further by Woo et al.! by apply-
ing optimal control theory to the derivation of the control law.
An alternative approach to momentum unloading is to employ
Earth’s magnetic field. Magnetic attitude control has been
discussed extensively in the literature and has been imple-
mented in practice.’* Magnetic torquing for momentum un-
loading using the cross product and minimum energy control
laws is discussed in reports by NASAS and BellCom.% Applica-
tions of these magnetic unloading control laws to specific
spacectaft configurations are discussed by Junkins et al.” and
Decanini et al.?

Existing magnetic momentum unloading control laws have
a number of shortcomings. The cross-product control law
produces unloading torques based on the instantaneous value
of the accumulated momentum. The goal, however, of an
unloading law is to prevent momentum buildup by dumping
the secular component of the accumulated momentum. There-
fore, a torque proportional to the total momentum may re-
quire unnecessarily high magnetic moments. Moreover, since
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the cross-product control law operates on instantaneous infor-
" mation, it ignores the fact that for a given orbit the orientation
of the spacecraft with respect to the direction of the magnetic
field can be predicted. By using this knowledge, one can apply
unloading torque about the various axes at locations when the
direction of the magnetic field is favorable. The minimum
energy unloading control law is an open-loop control scheme
that assumes complete knowledge of the magnetic field during
the entire orbit. The secular component of the momentum is
unloaded over one orbit using a predetermined optimal
scheme that requires extensive real-time calculations. The re-
sulting control law is very sensitive with respect to perturba-
tions in the magnetic field model and, as with all open-loop
schemes, cannot counteract unexpected disturbance torques.
This study presents a new approach to the development of
momentum unloading control laws that overcomes many of
the shortcomings of the previously mentioned techniques.
This new approach is based on the cell mapping analysis
concept introduced by Hsu®!3 and subsequently extended to
contro! systems.!* The cell mapping control approach is a
scheme that assumes predetermined discrete control levels
over fixed time intervals. It allows maximum utilization of
favorable environmental magnetic field conditions, as does
the minimum energy law, but is particularly advantageous in
that all of the computations are performed off-line. The opti-

mal magnetic settings are accessed via a table-read, which is

extremely simple to implement and results in a near-autono-
mous unloading ability. In addition, the optimality of the
method is keyed directly to the available discrete control levels
of the electromagnetic actuators. The cell mapping approach
is well-suited for the momentum unloading problem in partic-
ular, because momentum wheel or control moment gyro
(CMG) momentum behaves as an almost periodic system. It
will be demonstrated that expressing a dynamic system in
periodic form is the key to the applicability of cell mapping to
control.

This paper is organized as follows: Section II presents a
general discussion of cell mapping and cell state-space optimal
control (CSSOC). Section I discusses the attitude control
model and environmental models used for validation of the
new momentum unloading concept. Section IV details the
application of CSSOC to momentum unloading. Section V
presents the simulation results using the new technique.

II. Cell Mapping and Cell State Space
Optimal Control

Following closely the work of Hsu,*>!? we introduce the cell
mapping approach to the analysis of dynamic systems. We
present the application of cell mapping to the analysis of
control systems as formulated by Hsu'# and extend it to time-
varying systems. This extension allows the application of the
cell mapping approach to the design of a momentum unload-
ing control algorithm.

A. Cell Mapping Representation of Dynamic Systems ‘

For realistic dynamic systems, the performance of a closed-
loop control law can be specified to be within finite bounds.
This is because of the finite accuracy of both the actuators and
sensors due to the effects such as friction, hysteresis, dead
zone, etc. However, modern control laws are implemented on
digital computers whose accuracy is limited by quantization
due to roundoff and truncation errors, and by finite
wordlength. Therefore, in modeling dynamic systems, there
exists a threshold beyond which increased refinement of mod-
eling no longer enhances control system performance. The cell
mapping concept is an approach to discretizing the state space
into cells of size consistent with control design requirements.
The main advantage of the approach is that it is especially
suitable for analysis on modern computers and, therefore, can
be applied to realistic systems (possibly nonlinear and time
varying).
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Given a dynamic system in state-space form as
x(t) =fx.1) 1

where x is a g-dimensional state vector and f a g-dimensional
vector field, in general nonlinear. If fis a periodic function of
time, then the dynamics of the system in Eq. (1) are defined by
a mapping that relates the state of the system in the beginning
of the period to the state at the end of the period. This
mapping, called a point mapping or Poincare map, can be
expressed in the form of difference equations:

x(n + 1) =glx(n)] 2

where g( ) is a g-dimensional function, x(n) the state vector
at the beginning of the period, and x(n + 1) the state at the
end of the period. By employing the notion of point mapping,
the system of time-varying, nonlinear differential equations of
Egq. (1) has been transformed in Eq. (2) into a set of nonlinear
difference equations that no longer depends on time. A trajec-
tory of Eq. (2) starting at the initial state x¢(0) is the sequence
{xo(k)}, k =0,1,2,.... The point mapping g( ) can be deter-
mined analytically for certain specific types of systems or by
numerically integrating the system [Eq. (1)] over one period of
time.

The cell mapping representation of a dynamic system is
obtained by first discretizing the state of the system. The
discretization is achieved by dividing the state space into re-
gions identified by the cell state variable Z, where Z takes on
only integer values according to the following rule:

(Zi - 1/2)]1,'<X,'<(Z,' + ‘/z)h,-, i= 1,2,...,q
Here 4; is the cell size in the direction of the Z; axis.
The cell mapping is then expressed as a discrete mapping

Z(n +1)=ClZ(m)] 3

Z(n) and Z(n + 1) represent the discrete cell domain and
image, tespectively, of the cell state variable Z. C is a cell
mapping obtained either from the point mapping g of the
periodic system or by integrating the system [Eq. (1)] over one
period of time. A cell state-space trajectory of Eq. (3) starting
at the initial cell state Zy(0) is represented by the set of integers -
in the cell sequence {Zy(k)}, £ =0,1,2,.... The dynamic be-
havior of cells, including those exhibiting limit cycles, and
their domains of attraction can be determined by using an
unraveling algorithm of global analysis as outlined by Hsu'®
and Guttalu.!!

Unlike analysis in the continuous state space, analysis in the
cell state space covers a finite breadth of g space. The state
space of interest to the observer is fully discretized into cells,
and the remainder of the state space extending to infinity is
lumped into one additional cell called the sink cell. If the
trajectory moves into the sink cell, it is automatically regarded
as being of no further interest. Each point of the state space
fits into one of the defined cells, or the sink cell. Each defined
cell is represented by one point in the cell, typically, but not
restricted to, the center point of that cell. Every state-space
position within the boundaries of that cell is regarded as
having the value of the cell.

B. Control System Analysis Using Cell Mapping

Consider a periodic system with a period 7, which is con-
trolled by the vector u(¢). Assume that the control level can
change only in the beginning of the period. This assumption is
equivalent to saying that the system is controlled by a discrete-
time controller with sampling time 7 starting at # = 0 and that
a zero-order hold is implemented. In terms of a point map-
ping, the equations of the controlled system are the following:

x(n + 1) = glx(n),u®)] ]
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Now: consider the scenario whereby the control u(n) can be
applied only at a finite number of discrete levels. Let this
discrete control be given by vector V. In control terminology,
it means that the controller possesses a finite number of quan-
tization levels. Then the dynamics of the system can be ex-
pressed by cell mapping:

Z(n + 1) = C[Z(n),V(n)] &)

The cell mapping representation given in Eq. (5) expresses
the dynamics of the system in terms of finite, discrete values of
the state and control vectors. We shall assume that the objec-
tive of the control effort is to bring the system to a predeter-
mined region of the state space (a target set in terms of cell
state space) while minimizing a performance index J (cost).
The cell mapping formulation facilitates the development of
efficient numerical algorithms for computation of an optimal
sequence V(n). Hsu'* has developed a technique for control
design called cell state space optimal control (CSSOC) that
involves the determination of the optimal control of a dy-
namic system by a numerical search process. A table called
control/state space table (CSST) is created. This table pos-
sesses the image cells Z(n + 1) of every cell Z(n) under all
possible control levels V(n). The CSST is processed into a cell
state space optimal control table (CSSOCT) by a dynamic
programming-type procedure as follows:

1) A first pass through the CSST searches for the control
level that maps a given domain cell to the target set in one
mapping step, at lowest cost.

2} Cells that converge to the target set in one step are added
to the target set, creating an augmented target set of cells that
converge to the target set in one step or less. These cells and
their associated lowest-cost controls are saved in the CSSOCT
and are purged from the CSST.

3) A second pass through the CSST searches for the lowest-
cost control to bring each cell in the now-reduced set of
domain cells to the augmented target set. Domain cells that
converge are added to the target set, creating a new target set
of cells that reach the original target set in two steps or less.
‘The converging domain cells and their associated lowest-cost
controls are again added to the CSSOCT.

4) This process continues until either the entire cell state
space is assigned the lowest-cost control or until all of the
controllable state cells are assigned their lowest-cost control.
Some cells may be found to be uncontrollable in the sense that
none of the acceptable controls in any number of passes will
drive a domain cell to an image cell that, by using successive
steps, finds its way to the original target set.

When the creation of the CSSOCT is complete, it contains
the optimal control for each controllable domain state. That
is, the control value that results in the trajectory attaining the
original target set at the lowest cost in the minimum number of
mapping steps.

II. Simulation Models

Coordinate systems referred to in this paper are the body
coordinate frame and the reference coordinate frame. They
are defined in Appendix A.

A functional block diagram of the attitude control system
simulated in this study is shown in Fig. 1. Note that the system
possesses two interacting control loops: one for attitude con-
trol and one for momentum unloading. The control system
can be designed in two stages: first, the attitude control loop
is closed to achieve the required transient response; then the
momentum unloading loop is designed considering the space-
craft with the closed attitude loop as the plant. By using this
approach, control torques of each loop are considered to be
disturbances acting on the other loop. The separate design of
the two loops is often used (see, for example, Junkins et al.”)
since the two subsystems, attitude control and momentum
unloading, have bandwidths that differ by at least an order of
magnitude. In the scheme used in this study, momentum
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unloading control changes at most every quarter-orbit, i.e.,
about every 1400 s for low Earth orbits, whereas the attitude
control system has a time constant on the order of seconds.

The attitude controller employed for validation of the new
unloading technique is of the proportional/rate type. We as-
sume an Earth-pointing desired attitude. The attitude dynam-
ics and attitude control equations are given in Appendix B.

The Earth’s magnetic field is modeled in simulation to
validate the new unloading technique by a tilted dipole repre-
sentation derived by Wheeler.!* The choice of a simple model
is based on the determination that simple magnetic field mod-
els have served in the past as design tools for quite adequate
magnetic unloading algorithms.!6!” The components of the
tilted dipole model are given in Appendix C.

A simple model is chosen also to represent the nongravity
gradient external disturbance torques, which are dominated by
aerodynamic drag in a low Earth orbit. The following sinu-
soidal functions are employed (body coordinates):

Tapx =0 (6a)
Ty = Ay sinwgt + S, (6b)
Tup, = A sinwot + S, (6¢c)

where wy is the orbit rate, and A,, 4., S,, S, are constant
coefficients whose values are determined by estimating aero-
dynamic drag characteristics from previously established mod-
els depending on the orbit being simulated.?!® The x compo-
nent is 0 due to the Earth-pointing attitude assumption.
Junkins et al.” used a similar disturbance model.

IV. Momentum Unloading Cell State Space
Optimal Control Law

The CSSOC method lends itself to applications of a periodic
and discrete nature, possessing advantages over other methods
of momentum unloading for the following reasons.

1) The stored angular momentum of a spacecraft has a
dominant periodic component with the orbital period of the
spacecraft. Furthermore, momentum unloading is a problem
that must be dealt with on a long-term basis of many orbits,
with concern focused on unloading the secular rather than the
periodic component. The CSSOC method was developed from
a periodic dynamic systems approach. Its implementation re-
quires that the system be expressed in a periodic form.

2) Momentum control actuators include such devices as gas
jets and magnetic torquers. These items generally produce
control torque levels that are discrete and are best modeled as
such. The CSSOC method produces optimal control sequences
whose optimality is keyed to the specific discrete pattern of the
control actuators’ output.

A. Formulation of the Unloading Law in Terms of Cell Mapping
The cell state space optimal control table is created off-line

using the cell mapping equations developed in this section and

mated to the attitude control system for sampling every orbit.
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In order to apply the cell mapping concept, the momentum
unloading equations of the spacecraft need to be expressed in
the form of a point mapping. To express the momentum/
torque relationship in state-space form, note that, in general,
in an inertial coordinate frame,

T=H )

Now consider H to be the momentum wheel or CMG angular
momentum rate of change due to magnetic control. The mag-
netic unloading torque is' given by T. =M X B. Thus, in
state-space form,

H=-Bt)M (8)

where

0 —by(t)  b(¥)
B#)=| by) 0 — by(®)
—-by(t) bi(@) 0

b;(t) are the components of the magnetic field vector as de-
scribed in Appendix C, and M is the magnetic moment con-
trol. The state transition equation of the system [Eq. (8)] from
time nT to (n + 1)7T is then

(n+ )T

H[(n + DT]=HnT) + g —B(DM(7) dr €]

nT

If T is the spacecraft orbital period, then we have achieved a
point mapping representation of the system [Eq. (8)], where
one mapping step is equivalent to one orbit.

Let the magnetic moment control M be a piecewise constant
function. Let (T/k) be the length of the interval during which
the control is constant, where & is an integer. Then Eq. (9) can
be rewritten as

io1 JIn+G— /AT

k. [@+i/0T
Hl(n + )T =H@T) - Y, S B(r) dr My, (10)

Equation (10) can be written symbolically as

k
Hl(n + DT] = HOT) = ¥ GunMiye an

It is desirable for the implementation of the CSSOC method
to express Eq. (11) strictly as a function of the orbital period
T. Equation (10) indicates that an expression for the magnetic
field B(¢), which is periodic in T, will enable this. The straight
dipole model of the magnetic field is periodic in 7. The
straight dipole model assumes alignment of the Earth’s dipole
with its spin axis. It was found in this study and described
earlier’” that, for analyses such as this, considering one or

more complete orbits, effects of dipole tilt nearly average to

‘zero. Thus, for the creation of the CSSOCT from Eq. (11) the
straight dipole model is chosen. See Appendix C for the
straight dipole model equations.

The choice of the straight dipole model results in the
sequence Gy, i = 1,...,k of Eq. (11) repeating itself every
period T. If we assume that a control sequence over one
orbital period is determined in the beginning of the period,
then we can define u(nT)={MnT), M[nT +1/k),...,
M([nT +(k -1)/k)}, and Eq. (11) takes the form of Eq. (4).
Assuming discrete levels of the magnetic torque M, the prob-
- lem is then of the form of the cell mapping of Eq. (5). Thus,
the momentum, H, of Eq. (11) constitutes the three-dimen-
sional state space, and H(n) and H(n + 1) signify the domain
and range, respectively, of the state H.

The CSST described in Sec. II.B is created via off-line
software by assuming a certain set of possible controls M,
which is finite and possesses discrete levels, and by computing
Eq. (11) for every possible combination within that set. The
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CSSOCT is then generated (again off-line) following the al-
gorithm of Sec. II.B. The CSSOCT in final form is a table
containing discrete levels of CMG momentum H (domain
states) vs k-numbered sequences of discrete levels of M (opti-
mal control values).

Second-order effects, such as extra terms of the Earth’s
magnetic field model, as well as attitude control torques,
environmental disturbance torques, and slowly varying orbital
parameters, were modeled as disturbance torques acting on
the unloading control of Eq. (11). It should be reiterated here
that, for the CSSOCT generation, we assumed the straight
dipole magnetic field model, but for validation of the new

- method through simulation we employed the more accurate

model of the tilted dipole.

B. Computational Considerations

The storage requirements for implementing the CSSOC
method vary considerably depending on the particular prob-
lem. If all of the cells in the discrete cell state space are found
to have a control that causes convergence to the target set in
one mapping step, then the CSST need not be stored at all. A
CSSOCT can be generated directly. Otherwise, the CSST must
be stored for multipass processing to generate the CSSOCT.

The size of the CSST, for a momentum unloading applica-
tion, is a function of the number of discrete control levels and
the per-orbit frequency with which the control is allowed to
change. For example, if each orbit is divided into four seg-
ments of constant control, and there are two control levels,
there will be 2¢ = 16 possible control sequences. Similarly, for
n levels, there will be n* possible control sequences. For a
three-dimensional control vector and a discrete state space
containing N cells, the number of table entries 7 to store in the
CSSTis T = (P3N, where P is the number of possible control
sequences. If all of the data in a table entry is packed into one
8-byte record, the storage requirement for the CSST is
MB = 8(P*)N/1 x 10°, where MB is the number of megabytes
of storage. Note that one may still utilize five- or seven-level
control with reduced storage requirements by choosing a sub-
set of the complete list of possible control sequences, thereby
reducing P, and thus MB.

The CPU time requirements of the CSSOC method vary
widely depending on whether the discrete control is segmented
for each period, as in the preceding example, how many levels
of discrete control one uses, and how complicated the cost
function is.

C. Cost Function

The cost function is the function that the control is designed
to minimize. Typically, it may be defined as

T
J= 5 [H'W\H + M’ W,M] dt (12)
0

where the prime indicates transpose, W, and W, are symmetric
positive definite weighting matrices, and 7 is the orbital
period. Thus, the momentum magnitude (i.e., the magnitude
of the state) and the magnetic moment control magnitude are
to be minimized according to the relative magnitudes of W,
and W,.

The integral of Eq. (12) is evaluated by using k-times-per-
orbit sampling of H and M. Also, since zero-order hold is
implemented, M is constant over each 7/k orbit segment.
Integration of the terms containing H is performed using a
trapezoidal approximation. Thus, Eq. (12) becomes

k-1
J=(T/k) [(1/2)Haom WiHoom + 3o HixWiHik

i=1

k
+ (I/2)Hi{WiHim + 2 M W2M,~] (13)

i=1
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where Hy,n, is the domain state of H, or H(n), and H,, is the
image state of H, or H(n + 1).

It should be noted that, in this study, we achieved a one-step
(i.e., one-orbit) convergence to the target set of all of the cells
in the state space of interest. Thus, as discussed in Sec. IV.B,
the CSSOCT is generated directly without creating the CSST.

V. Simulation Study Results

Orbit simulations performed to validate the new unloading
method are described here. The CSSOCT was generated sepa-
rately for several different discrete control-level configura-
tions and for two model spacecraft. The CSSOCT generation
software and input/output structures were designed specifi-
cally for this study. The control dynamics of Eq. (11) and the
cost function of Eq. (13) were employed in following the
algorithm described in Sec. II.B to generate a CSSOCT in
binary format. The CSSOCT was designed as a table of Hy,,
states vs M sequences. Thus, once per orbit (i.e., with a
sampling period of one orbital period) the CSSOCT was ac-
cessed by the orbit simulation via a direct-access READ keyed
to the current CMG angular momentum state (Hy,,). At that
time, the optimal interval control magnetic sequence M was
read; this sequence was implemented for the duration of the
next orbit.

Simulations of a small spacecraft and a large spacecraft
with the mass properties of the NASA Gamma Ray Observa-
tory (GRO) were performed.

A. Small Spacecraft

The small spacecraft’ has principal moments of inertia:
I, =125 kg-m?, I, = 116 kg-m?, and I, = 135 kg-m?. The mo-
mentum exchange device is assumed to have a spherical mo-
mentum envelope of 1H |, =5 N-m-s. The spacecraft has
magnetic torquers of maximum magnetic moment M., = 50
A-m?2. The orbit simulated is of inclination i = 28.5 deg and
altitude 200 n.mi. An Earth-pointing desired attitude is as-
sumed. The external disturbance torques, dominated by aero-
dynamic drag, are modeled by Eqs. (6). For this spacecraft,
A, = —0.000086 N-m, S, = —0.000057 N-m, A, =0.00043
N-m, and §; = 0.000285 N-m. These values are sized based on
earlier studies.%!8 ‘

Equation (11) was applied through specifically designed
software to generate the CSSOCT off-line. The state space of
angular momentum H was discretized into 1000 total cells, 10
for each dimension of the three body axes. The 1000 state-
space cells were assigned the values

H;={x£05, £1.5, £2.5, £3.5, 4.5} N-m-s

for i representing each of the three body axes x, y, and z.
~ With this choice of discrete cell structure, we have relegated
any H; whose absolute value exceeds 5 to the sink cell.
We have assumed that the entire set of 1000 cells defined is
within the domain of attraction of the origin; i.e., it is a
controllable set. This assumption was verified upon creation
of the CSSOCT.

It is assumed that the magnetic moment control M can
change every quarter-orbit [i.e., ¥ =4 in Eqgs. (11) and (13)].
This control discretization is simple to implement using elec-
tromagnets, but at the same time is able to take advantage of
the periodic fluctuations of the Earth’s magnetic field. In this
study, we restricted the control to n discrete levels, for n = 2,
3, 5, and 7. The control levels for each n are given in Table 1.
The target set was assigned to be the innermost eight cells
surrounding the origin: H; { — 0.5, 0.5}, i =x,y,z. In the
generation of the CSSOCT for the n = 2 (two-level) control
configuration, all 1000 cells converged to the target set in one
mapping step (one orbit).

The significance of this, as pointed out in Sec. IV.B, is that
the need to create the storage-intensive CSST was eliminated,
and the CSSOCT could be generated directly. However, the
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Table 1 Magnetic control levels

Small spacecraft Gamma Ray observatory

n M, A-m? M, A-m?

2 { £50} { + 1800}

3 {0, + 50} {0, + 1800}

5 {0, +25, £ 50} {0, + 900, = 1800}

7 {0, =12, £ 25, + 50} {0, + 400, = 900, + 1800}

CSSOCT generation CPU requirements are directly propor-
tional to the cube (due to three components of M) of the total
number of control sequences processed. As a result of re-
source limitations, it was impractical to process the full set of
control sequences for three-, five-, and seven-level control.
Instead, the three-, five-, and seven-level control sequences
chosen were subsets of the full sets designed to contain the
two-level sequences as a subset. This guarantees that the
higher control-level configurations also converge to the target
set in one step.

The choices of which sequences to include were based sub-
jectively on examination of the two-level (complete sequence
set) CSSOCT—which two-level sequences were chosen most
frequently as optimal by the algorithm.

Simulation of the attitude control system with no unloading
resulted in the X and Z components of momentum remaining
bounded, but the Y component possessing a linearly growing
secular component. The goal of the momentum unloading
control law is, therefore, to keep the Y-momentum compo-
nent bounded within the =+ 5 N-m-s saturation limits while
maintaining the boundedness of the X and Z components. In
addition, the momentum unloading torques should not signif-
icantly increase the spacecraft attitude errors.

Extensive numerical computation studies have shown that
the angular momentum would stabilize within saturation
bounds if a sufficient number of sequences were included in
the set of possible controls. The cost function of Eq. (12) was
employed with weighting matrices W, =diag (1,1,1) and
W, = [0]. These values of W) and W, were chosen based on
good momentum unloading performance among the several
tested. Thus, the optimality criterion is to minimize the angu-
lar momentum magnitude over the course of an orbit without
costing the magnetic control effort. In the remainder of this
section, we will discuss the results of seven-level control con-
figurations.

1.. Seven-Level Control

A control sequence set containing 7 levels and 46 possible
sequences, denoted 7/46 control, was employed. The 46 se-
quences contain 16 sequences using only = My, (n =two
levels); 10 sequences having n = 3; and 20 additional se-
quences serving as subsets of seven-level control. Appendix D
contains a tabulation of the control sequences included in the
7/46 control set.

Figure 2 shows the performance of the 7/46 control over a
24-h period. Figure 2a demonstrates that the momentum accu-
mulation in all axes is bounded within the + 5 N-m-s limit.
The magnitudes of the X and Z momentum unloading compo-
nents are comparable to the no-unloading cases, but the Y
component is also bounded in marked contrast to the no-
unloading case. This is accomplished without significantly
increasing the magnitude of the attitude angle errors. The
control history is shown in Fig. 2b.

A variation of 7/46 control was developed in which two
control sequence sets were employed, rather than the single
46-sequence set. The optimum unloading sequence is chosen
from the original 46-member set if any of the momentum
components is greater than w N-m-s, for 1 < w =< 4. The opti-
mum sequence is chosen from an alternate set if all three
momentum components are less than w N-m-s. The alternate
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Fig. 3 Dual-sequence control, small spacecraft: a) momentum components; b) control history.

set of sequences has 45 members, all of which have no unload-
ing for the first quarter-orbit segment. Some of the members
have positive or negative unloading in the remaining orbit
segments. The set containing no unloading for the entire sub-
sequent orbit is included. The idea is to provide a magnetic

sequence set of weaker controls if the momentum is relatively
small. Utilizing an option to draw from more than one un-
loading sequence subset of a complete multilevel set of se-
quences in lieu of processing the complete set highlights the
flexibility of the CSSOC technique.
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Fig. 5 7/46 control, large spacecraft: a) momentum compenents; b) control history.

The results of this ‘‘dual sequence set’’ method are shown in
Fig. 3 for w = 1 N-m-s. We see momentum amplitudes that
are even smaller than in the previous case, shown in Fig. 2a. In

addition, the electromagnets performed with more off time
(see Fig. 3b). Clearly, the flexibility of using dual or possibly
multiple sequence sets without incurring the CPU burden of
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processing a complete multilevel sequence set has shown its
usefulness. Experimentation with different unloading se-
quences will lead potentially to additional improvements.

2. Unloading with Proportional Rather Than Integral Cost Function

This variation of the CSSOC algorithm has the optimal
control sequence determined from the value of the momentum
vector only at the end of an orbit. In some sense, this ap-
proach is similar to the minimum energy unloading law but, of
course, the CSSOC method uses only a finite number of
control levels.

In this case, rather than minimizing an integral cost func-
tion as in Eq. (12) we minimize the function

J=H'H a4

In implementation, the algorithm searches for a control M
sequence; that drives the momentum H to the target set in one
mapping step (orbit), and accepts the first such control se-
quence it processes as the optimal one for the domain cell of
interest. The order in which the control sequences are system-
atically processed, therefore, has significant bearing on the
eventual optimal control sequence. The designer can influence
the control sequence chosen as optimal by having the al-
gorithin process the various sequences in the chosen set ac-
cording to his or her order of preference (e.g., to minimize
magnetic moment).

Figure 4 shows the results of the proportional cost function
variation of the CSSOC technique using the same 7/46 control
sequence set as in the previous cases. Figure 4a shows that the
momentum components are bounded, although with higher
amplitudes than in the previous cases (see Figs. 2 and 3). This
is despite the fact that the information about the momentum
includes only its magnitude at one point in the orbit. As
anticipated, simplifying the analysis process resuits in lower
performance. The performance in this proportional cost-func-
tion variation can be improved by increasing the number of
control levels and the number of possible control sequences.

B. Large Spacecraft

The large spacecraft modeled possesses the physical charac-
teristics of the NASA Gamma Ray Observatory. The orbit/at-
titude features were assumed to be the same as with the small
spacecraft. The large spacecraft model possesses the following
parameters: I, = 50,760 kg-m?, I, = 79,550 kg-m?, I, = 95,260
kg-m?, and H; = { + 20, & 60, + 100, & 140, + 180} N-m-s.
The maximum magnetic moment Mp,, is 1800 A-m?. The
external disturbance model, although still of the form of Egs.
(6), has the following coefficient values: A, = 0.0085 N-m,

', = 0.00275 N-m, 4, = 0.00425 N-m, and S; = 0.0014 N-m.

The large spacecraft with no unloading experiences the Y
component of momentum growing unbounded, as in the case
of the small spacecraft. Employing the same cost function and
weighting madtrices as for the small spacecraft, we again simu-
lated 7/46 control. The 46 sequences of magnetic moments
possess a one-to-one correspondence with those listed in Ap-
pendix D and have the seven levels shown in Table 1. Figure 5
shows the momentum and control histories, respectively, for
the big spacecraft under 7/46 control. It is seen that the
CSSOC method also is successful at achieving tightly bounded
momentum for the large spacecraft.

VI. Conclusions

This paper has presented the application of the cell mapping
technique developed by C. S. Hsu to the spacecraft momen-
tum unloading problem. We have demonstrated through orbit
simulation how a near-instantaneous table-read once per orbit
enabled two spacecraft of widely differing characteristics to
maintain momentum control. We have presented a variety of
optimal control inputs generated by the new cell state space
optimal control technique, which succeedéd in controlling
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momentum buildup. The approach presented could provide a
spacecraft near-autonomous momentum control if the opti-
mal control table of values was stored in the onboard com-
puter. Since cell mapping discretization allows analysis of
nonlinear and time-varying problems; it has many potential
applications in development of spacecraft momentum unload-
ing algorithms and also can be applied to other spacecraft
control problems. Future studies may focus on developing
more efficient and rapid search techniques to generate optimal
control sequences.

Appendix A: Coordinate Systems

Reference coordinate frame:
X axis pointing in direction of travel
Y axis perpendicular to orbit plane to form a right-
handed set
Z axis pointing toward nadir
Body Coordinate frame:
X, Y, Z axes fixed to body to be coincident to reference
frame in nominal Earth-pointing unperturbed flight;
aligned with spacecraft principal axes.

Appendix B: Attitude Dynamics and
Control Equations for Momentum
Unloading Algorithm Validation

The attitude dynamics are derived by assiming small atti-

tude angles and low angle rates. The body rates are expressed

in terms of the Euler angle rates in an Earth-pointing configu-
ration for the rotation sequence: roll, ¢, about the X axis;
pitch, 8, about the Y axis; yaw, ¥, about the Z axis. Spacecraft
dynamics follow from.the Euler equations:

Roll:

¢ = [4wi, — L) + woll; — I, + L)Y + wohe;

+ T + Ty + woheyd + by W1/

Pitch:
b= Badl, — 1)0 + T, + Ty)/1,
Yaw:
¥ = [wiy — LW + woldy — L = L)$ — wohex
+ Top + Ty + ophey ¥ — by d)/ 1,

Roll momentum:

hee = T
Pitch momentum:

by = =T,
Yaw momentum:

he =~ T,

The following proportional/rate attitude control law is
employed:

Roll:

Toe = =Ky — Kpyd — 403l ~ L) ~ woll; —~ 1, + L)Y
— wohe; — Woheyd — hey

Pitch:

Ty = ~ Kb — K,y 0 ~ 305, — L0
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Yaw:
To = =KV — Kpptb ~ 0§ — LW — woldy — I — L)$

+ Woltey — wohey ¥ + hey
The attitude control law generates control torques propor-
tional to attitude angles and attitude rates. The controller also
incorporates uncoupling terms, which negate all cross-axis
effects except momentum unloading and aerodynamic
toques, similar to the controllers of Shain and Spector? and
Junkins et al.”
Appendix C: Earth Mag'neti'c’Field Models
The components of the tilted dipole model of the magnetic
field in reference coordinates are as follows:
B,, = A cosa + (—B + C) cosa cospu
—(B + O) sinx sinp (Cla)
B, = —D —E cosu (C1b)
B,, = 24 sina — 2B — 2C) sina cosp
+ (2B + 2C) cosa sinu (Cle)
wherey
A = (u./r?) cose sini
B = (u./2r?) sine(l + cosi)
C = (4o/2r?) sine(l — cosi)
D = (u./r?) cose cosi
E = (p./r?) sine sini
and
M, = Earth dipole moment
¢ = dipole tilt angle
A = magnetic dipole east longitude
L=Nc+A-—-Q
g = angle from vernal equinox east to Greenwich meridian
Q = orbit right ascension
o = true anomaly + argument of perigee
i = orbit inclination
r = distance from Earth center to spacecraft
For a derivation of these equations, see Ref. 15.

Equations (C1) are easily reduced to a straight dipole model
by letting e = 0. Then we have the following:

B, = A cosa (C2a)
B, ==D (C2b)
B,, = 24 sina (C20)

Note that Eqs. (C2) are periodic with the orbital period.
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Appendix D: Available Control Sequences
for 7/46 Control

The following set of 46 control sequences is used in 7/46
control. Each group of four numbers represents four sequen-
tial quarter-orbit interval hold values of any of the three
components of magnetic torquer dipole moment M. Thus,
each four-member group offers a control option for a full
orbit. The last section of 16 groups represents the complete
two-level control sequence set, which serves here as a subset of
seven-level control. The other groupings of 10 represent other
subsets of seven-level control. The units are amperes per
square meter,

(12,0,0,12) (—=12,0,0, — 12)
0,12,0,12) 0, — 12,0, —12)
(—12,0,—-12,0) (12,0,12,0)
(—12,-12,0,—12) (12,0,12,12,)

(12,12,12,0)

(~12,0,—-12,—-12)

(25,0,0,25) (= 25,0,0, — 25)
(0,25,0,25) 0, — 25,0, — 25)
(—25,0, —25,0) (25,0,25,0)

(—25,-25,0,—25)
(25,25,25,0)

(25,0,25,25)
(—25,0, — 25, ~25)

(50,0,0,50) (—50,0,0, — 50)
(0,50,0,50) (0, — 50,0, — 50)
(—50,0, - 50,0 (50,0,50,0)

(— 50, — 50,0, — 50) (50,0,50,50)

(50,50,50,0)

(— 50,50, — 50,50)
(= 50,50, — 50, — 50)

(— 50,0, — 50, — 50)

(50, — 50,50, ~ 50)
(50, — 50,50,50)

(—50,50,50, - 50) (50, — 50, - 50,50) Original
(- 50, — 50,50, — 50) (50,50, — 50,50) two-level
(50, — 50, — 50, — 50) (- 50,50,50,50) control

(50,50,50, — 50) (— 50, - 50, - 50,50) sequence
(— 50, —50,50,50) (50,50, — 50, — 50) set
(— 50, — 50, — 50, — 50) (50,50,50,50)
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